Faddeev gravity using a d-dimensional tetrad (normally d = 10) is classically equivalent to general relativity (GR).
Introduction
Faddeev gravity can be considered as a theory in which the metric is composed of d vector fields f 
which can be considered as equations for the torsion T One can also think of f A λ as a tetrad, which is in tangential pseudo-Euclidean spaces embedded into ambient flat ten-dimensional pseudo-Euclidean spaces. As for the curved four-dimensional space-time itself, Faddeev gravity can NOT be considered as an embedded theory of gravity, although it reduces to such a theory if the configuration superspace reduces to that which is defined by the relations f A λ = ∂ λ f A for some f A .
Then the theory would be the theory of a four-dimensional hypersurface defined by the coordinates f A (x) in a ten-dimensional pseudo-Euclidean space-time. However, in general, f A λ are independent freely chosen fields. The action does not contain squares of derivatives and, therefore, is finite for discontinuous f A λ and g λµ . This means that in quantum theory there are virtual configurations in which different regions do not fit on their common boundary due to the discontinuity of the induced metric on the boundary. That is, the metrics/fields f in these regions can vary independently, though, of course, they can interact with each other, this interaction is simply not infinite, but finite.
In particular, a 2D surface can consist of virtually independent pieces, and its area spectrum is the sum of the spectra of the pieces. The area spectrum is important in the black hole physics.
For the area spectrum, it is natural to use a connection representation, in which tetrad bilinears are canonically conjugated to connection variables. It is fortunate that a connection Palatini-type form exists for the Faddeev gravity, as we have found in [2] .
This representation is naturally obtained even for a more general form of the Faddeev action with a parity violating term,
On the equations of motion, this still gives the Hilbert-Einstein action. Here γ F is an analog of the Barbero-Immirzi parameter γ [3, 4] . The Barbero-Immirzi parameter defines a term which generalizes the Cartan-Weyl form and does not affect the result of excluding the connection via equations of motion [5, 6] . The connection form is
The first term is the so(10) connection Cartan-Weyl form of the Einstein-Hilbert action, the second term is an so(10) gauge violating term (Faddeev action is invariant with respect to the global, but not the local SO(10) rotations), Λ ν λµ are Lagrange multipliers at it.
Not tetrad bilinears, but area tensors have more relevance to the area. Tetrad bilinears go to area tensors in the minisuperspace formulation of gravity by Regge [7] (see also review [8] ). This minisuperspace formulation, Regge calculus, is automatically discrete.
We were able to find the Faddeev action for f A λ and g λµ which are piecewise constant [9] and, thus, discontinuous, however, with an uncertainty, which, however, disappears when the lattice spacings and field variations/discontinuities are made arbitrarily small, and we thus approach the continuum limit. This is a discrete Faddeev action, the Regge calculus form of the Faddeev action. (now Ω = exp ω), which does not change the continuum limit.
The first term in (6) is the SO(10) connection representation of the Regge action, the second term is a discretization of the gauge violating term in (5).
As before for the discrete Faddeev action, (6) has the exact sense of the connection representation of the Faddeev action just in the continuum limit, when ω (Ω = exp ω) and variations δf from point to point are arbitrarily small.
In the Regge-discretized connection representation of the Faddeev action (6), area tensors are canonically conjugate to SO(10) connection matrices, and their spectrum can be found [11] .
A certain subtlety is that the kinetic term tr(
the gauge violating condition on Ω = exp ω (ω has a zero horizontal-horizontal block)
is nonzero only starting from the second order in ω, tr(A 0λ ω λωλ ).
Then for small ω the area spectrum is singular.
The possibility to get around this difficulty is that the metric can vary weakly also for strongly varying f A λ and thus for large ω. Thus, the task is to extend the Regge-discretized connection representation of the Faddeev action (6) to large connections.
To generalize the action to the large ω, we can start with the case when only one component ω λ is large and use the fact that the equation for ω λ follows by varying over ω µ , µ = λ, which are small and the dependence on them is known. It is also natural to suggest that the large ω λ corresponds to a strong variation of the tetrad as a function of x λ , as qualitatively follows by extrapolation from the case of small ω. Having found the dependence on the large connection matrix, we can consider the case when all the connection matrices are large. For clarity, we use a hypercubic lattice; then we pass to the general simplicial complex.
Generalizing local SO(10) violating term to large connection
Here S Ω is generalized to not necessarily small connection in a certain direction, (18).
Due to a specific form of the equations for the connection and natural requirements of correspondence with the solutions at small variations of f λ A , the form of this term follows practically uniquely.
We denote the relative order of magnitude of the variations of the metric δg from point to point by O(δ) (and, under the assumption of smoothness in the continuum (Ω = exp ω, R = exp r). Varying over Ω, we have for
and for
The operator M µ AB cancels the orthogonality condition on Ω µ added to S with the help of Lagrange multipliers not shown here. Equating the sum of (8) and (9) we apply first the projector Π = 1−Π on both sides, Π . . . Π , find that the six components Λ µ νλ (for the given µ) are O(δ), then apply Π . . . Π or simply Π and find that (9) contributes O(δ 2 ) and can be disregarded. Thus, in the order O(δ) we have
This gives a solution
Thus, ω λ is defined by the dependence of f on x λ .
First assume that there is a strong variation only in one direction, say, along the coordinate x 3 . It is natural to expect that this will not affect, at least in the considered order O(δ), the expressions for ω λ , λ = 3, which remain small, and the terms in S Ω for them remain the same. And the equations for (8) is the sum of the expression
and terms with ω λ at λ = 3, µ, which being projected by Π are O(δ 2 ) and can be disregarded. Thus, the question is about (12) whether its projection by Π can be zero in the order O(δ). The form of (12) suggests that for a tetrad whose values at neighboring points are roughly related by an orthogonal rotation, one can make a redefinition of the tetrad and the connection at these points by this rotation. Showing the dependence of the functions on x 3 , we introduce for generality such an orthogonal matrix at each point and the notation
for the tetrad f λ at two neighboring points x 3 = −1 and x 3 = 0, the orthogonal matrices O(−1), O(0) ∈ SO(10) at these points and an interpolating field h(x 3 ), whose
are small. Correspondingly, we write out
Then, for example,
and
This is zero in the order O(δ) at
We have used the known terms in S Ω for ω λ , λ = 3, and not for ω 3 . Now we can restore such a term corresponding to the found ω 3 , vary over ω 3 and check that the corresponding equation of motion is satisfied as well. The term in S Ω is readily read from the expression for ω 3 (17),
Here U 3 (0) ≡ O(−1)O(0). The action of the operator M µ AB on this term leads to
Applying M µ AB to the total S discr and equating this to zero, we get the equation for ω 3
(in fact, a condition on ω λ , λ = 3) and Λ 
The tetrad fields strongly varying in all directions
Here we arrive at S Ω of the form (23) with U λ minimizing expressions of the type of (20) and S on the general simplicial complex (31), which, depending on U, can be viewed as a unified representation of the Faddeev or Regge action.
As before, since Faddeev gravity action is ambiguous on the piecewise flat spacetime (depends on the intermediate regularization of the conical singularities) and the ambiguity decreases to zero as we approach the continuum limit, we adopt the behavior of the variables corresponding to approaching a continuum metric field. Namely, the variations of the metric tensor δ ν (f 
Of course, it is scalar (with respect to the local SO(10)) quantities like f
A which should be minimized, therefore it follows that SO(10) rotations of the tetrad at x and at x − δ µ x induce the transformation of U µ (x) as a (finite) connection. Relating in this way f
and, second, f λ (x − δ ν x) and comparing, we find for the holonomy of this connection
In the leading order in δ, this holonomy is 1 and is solved by the SO(10) rotations in the hypercubes so that
on the 3-face between the hypercubes at x and at x − δ λ x.
Then we can describe the system as including the following S Ω ,
The solution for Ω can be written in the form
where ω λ (x) in terms of the interpolating field
follows by replacing f in (11) by h,
Indeed, the result of action of the operator M µ AB on S R(Ω) (8) can be rewritten as
the result of such an action on S Ω is
The resulting equations for Ω follow from those for f at small δf by replacing f Thus, the connection representation of the general Faddeev action with strongly varying fields is (6) with S Ω generalized to (23).
This procedure seems to be sufficiently algorithmized to introduce it for the true mini-superspace of the general simplicial complex. Instead of (20), we have
for some four edges σ 
On the general simplicial complex, the connection action takes the form
is one of the two 4-simplices sharing σ 3 , ǫ(σ 2 , σ 3 ) = ±1 is some sign function. Here the bivector of the triangle σ 2 and the dual one in terms of the edge vectors are
where the bivectors are defined in the local frame of a 4-simplex σ 4 ⊃ σ 2 and
is the perfectly antisymmetric fourth rank tensor in the "horizontal" 4-dimensional subspace. Here, ǫσ 2) The discrete connection representation for the Faddeev gravity can be considered as a particular case of the unified representation (31) for both the Regge and discrete
Faddeev formulations depending on the auxiliary SO(10) field variable U σ 3 minimizing expressions of the type of (29) and referred to the tetrad sector of the theory (a certain function of the tetrad or edge vectors) but being a certain connection by its local frame transformation properties. If the system is in the regime of approaching the continuum limit when the metric field can arbitrarily weakly vary from vertex to vertex and U σ 3 is taken in the leading order (and thus with the trivial holonomy), we get the representation of the Faddeev gravity. If we set U σ 3 to be exact rotations relating neighboring frames, it is a representation of the Regge action.
The present analysis does not contain the examination of our previous work [12] as a particular case: we consider there the connection that has a large leading part U λ only for a certain λ, but U λ depends on x and has a nontrivial holonomy (U is not written in terms of O as in (22) or (30). As a result, we obtained in that paper in some respects a generalization of the Faddeev gravity (in particular, in the continuum limit, a certain sum of coupled systems of the Faddeev type), although in another respect a less general system with a strong variation of f λ A in only one direction.
